This paper describes the dither control system used for suppressing drum brake squeal. The dither force is generated by a piezoceramic actuator installed on the back plate of a drum brake system and successfully quenches the drum brake squeal to background noise level above the critical dither actuation level. The dither is represented as a forcing function in sine waveform in a bi-axial two degrees of freedom mathematical model of drum brake squeal. The model parameters are based on the complex eigenvalue obtained from the mobility measurement and verified with the measured frequency response function. The numerical results show that dither control is more efficient at low sliding speed where lower dither force is needed to quench the brake squeal. Both measured and simulated results show that dither tends to excite the sidebands of the squeal peak with equal frequency spacing at both sides, and these sidebands shift closer to the squeal peak with increase in the dither actuation force.
Introduction
Dithering is a common method of suppressing unstable vibration in mechanical systems and is also employed for various purposes in image processing, optics, and control systems. Dither control using a high-frequency, low amplitude signal can affect unstable vibration by turning Coulomb-type friction into viscous-like damping (Cunefare and Graf, 2002a; Thomsen, 1999) . The hypothesis is that the dither acts to smooth the friction sliding by overcoming the surface locking between the rough sliding surfaces and helps the sliding surface to 'jump over' the surface locking or provide instantaneous high impact force to the sliding in order to overcome the surface locking. Thus the effectiveness of dither is frequency-and amplitude-dependent. Only at certain frequency and amplitude is dither excellent at quenching unstable vibration. It is totally dependent on the sliding condition and surface roughness (Cunefare and Graf, 2002b; Thomsen, 2002) . In the case of suppression of brake squeal, dither force can be applied in a different direction relative to the sliding direction to suppress vibration with different levels of effectiveness. In some cases, the dither force applied in normal direction to the sliding surface is more effective in terms of quenching than in the friction force direction and vice versa. Although dither can be used to suppress a large amplitude of friction-induced vibration, it can sometimes destabilize or magnify system vibration under certain conditions (Michaux, 2005) . The stabilizing effect of dither depends on dither frequency, dither amplitude, and sliding velocity; a slight change in these parameters can affect system stability (Michaux, 2005) . The dither tends to excite the natural frequencies of the system if its frequency is the same. It does also tend to excite the natural frequencies if they are one of the harmonic frequencies of the dither signal. The advantage of a dither control system for drum brake squeal attenuation is that it requires no feedback signal compared with close loop active force control. Thomsen (1999) showed that a high frequency dither signal in the friction direction can effectively cancel the negative damping instability caused by a negative friction-velocity relationship. Hoffmann et al. (2005) developed a model showing that a mode coupling instability mechanism can be quenched by applying high frequency dither in the direction of friction force. The applied friction force dither separates the coupled modes and prevents the occurrence of instability. The quenching effect of dither only works for a specific dither amplitude and frequency at a low sliding velocity. The practical application of dither has been demonstrated for quenching disc brake squeal through installation of a piezoceramic stack inside the caliper piston (Cunefare and Graf, 2002b) . The results showed that a normal force dither signal at 7.5-20 kHz can suppress disc brake squeal if the dither amplitude is high enough. Since a normal force dither signal tends to decrease the friction coefficient (Pervozvanski and Canudas-de-Wit, 2002 ), Badertscher et al. (2007) investigated the influence of a normal force dither signal on braking performance; the signal was shown slightly to reduce the braking torque of the disc brake system while preserving the overall performance of the braking system.
Friction force and normal force dither are used in different applications as a vibration stabilizer. Disc brake vibration has been suppressed using normal force dither signals (Cunefare and Graf, 2002b; Jearsiripongkul and Hochlenert, 2006; Neubauer and Oleskiewicz, 2008) by implementing active force control. The cancellation of friction-induced instability in disc brake squeal by using friction force dither signals has also been reported (Hoffmann et al., 2005; Pervozvanski and Canudas-de-Wit, 2002; Thomsen, 1999) . Michaux (2005) compared the effectiveness of normal force dither and friction force dither in the suppression of the disc brake squeal and found that normal force dither is not as effective as friction force dither since the normal force dither is limited by the magnitude of the braking pressure.
The self-excited vibration of both drum and disc brake squeal have been explained by using four major models of binary flutter (Huang et al., 2009; Kang et al., 2009a; Sinou and Jezequel, 2007) , negative damping (Kang et al., 2009b; Ouyang et al., 1998; Shin et al., 2002) , follower load Mottershead and Chan, 1995) , and sprag-slip (Hoffmann and Gaul, 2004; Keitzel and Hoffmann, 2006; Sinou et al., 2003) . Since squeal generally occurs during stopping and is mostly noticeable at bus stops and junctions, where the vehicle decelerates before coming to a complete stop, velocity-dependant friction coefficient is more relevant as the friction transits from kinetic friction to static friction . Experimental results have shown that during drum brake squeal, the torsional mode of the leading brake shoe is excited , which can be modelled as unstable vibration in the normal direction. Thus, in the present paper, the measurement of the vibration response is based on the vibration magnitude in the normal direction.
In the literature there is a lack of experimentally verified models of dither and friction-induced vibration. All the models that have been verified experimentally are single axial models (Michaux, 2005) , and a bi-axial model has not been verified (Hoffmann et al., 2005) . It is important to develop a verified bi-axial model since the excitation of the mode in radian direction is mostly induced by the friction force which is acting in perpendicular direction. In this paper, the bi-axial modal response is taken into calculation to allow for the interaction between the friction and radian force directions which are acting in perpendicular direction.
All the publications reviewed to date discussed only dither control on disc brake squeal. This is the first time dither effect on drum brake squeal has been presented in the form of both experiment and model.
Methodology

Modal and mobility analyses
Experimental modal analysis was carried out to determine the modal properties of drum brake system with an impact test. A small passenger car leading-trailing type rear brake is used in this experiment. According to previous researchers, the excitation of drum brake squeal is dominated by the vibration of the leading brake shoe, where attenuation of the brake squeal can be achieved by reducing the vibration amplitude of the leading shoe (Hamid et al., 2013; Haverkamp and Koopmann, 2004; Hulte´n, 1995) . Thus, the response of the leading brake shoe was taken as the reference for the drum brake system where the successful attenuation of the vibration of leading shoe was the primary consideration. The instruments used were a miniature accelerometer (Dytran, 3224A2), accelerometer calibrator (B&K, 4294), impact hammer (Kistler, 9724A5000), hydraulic pump, FFT analyser (LMS Scadas Mobile) and post-processing software (LMS Test Lab). The shoe was knocked in both the tangential and radial direction with respect to the contact surface to measure the vibration level in both directions of the brake shoe when subjected to tangential or radial force. The impact test was done at the location of centre of contact and the impact force applied at the same point of the measurement point. This allowed for the verification of the response of the single point mathematic model. The frequency response functions (FRF) for both tangential and radial directions were then computed by the LMS PolyMAX method.
Based on the modal response, the accelerance frequency response function of the leading brake shoe is transformed into mobility form since the vibration magnitude of the system is our main concern. Mobility is defined as the resulting velocity when a unit of dynamic force is applied to the structure. It can be used to verify the lumped parameter model to study system stability when the vibration magnitude of the system is the main concern (Cho et al., 2002; Ewins, 1984) . Mobility shows the peak of the real part of the transfer function which is not shown in accelerance and receptance FRF (Brandt, 2010) . This allows for the investigation of the instability level of a vibrational system. The point mobility elements can be written as:
where ! n is natural frequency, is hysteretic loss factor, N is mode number and n is amplitude of the mode.
Set-up for squeal measurement and dither control system
A drum brake system was set up on an Instron 3367 Universal testing machine (UTM), as shown in Figure 1 , where the rotational speed and the braking load can be properly defined. The back-plate assembly together with the shaft was mounted on a stiff bracket attached to the UTM. The brake drum was placed on the shaft and covered the entire back-plate assemble (including a pair of brake shoes). The shoes were pressed against the drum at braking pressure of 0.6 MPa. The drum was forced to rotate by a steel cable which was wrapped around the drum's bearing housing. The cable was pulled by the UTM machine at a constant speed of 500 mm/min (0.025 m/s sliding speed) and the pulling force was measured by the built-in load cell on the UTM machine and recorded with Bluehill 2 Materials Testing Software. The braking torque was then computed by multiplying the pulling force by the radius of the bearing housing where the cable was wrapped. Since the braking torque is equal to the product of the friction force and the drum inner radius, the mean friction coefficient can be calculated by dividing the friction force by the normal force at the centre of contact which is contributed by the hydraulic pump. The linear speed of the cable was also converted into rotational speed and sliding speed of the drum-shoe interface. The vibration level of the brake shoe was measured with a miniature accelerometer (Dytran, 3224A2) installed on the brake shoe. Meanwhile the sound pressure level (SPL) of the squeal was measured by a microphone (BSWA TECH, MPA201) which was placed 0.1 m from the brake system. Both the accelerometer and microphone were connected to the LMS Scadas Mobile and the response spectra were computed with the LMS Test.Lab data acquisition system. With constant brake line pressure of 0.6 MPa, the drum was rotated for one complete cycle at various sliding speeds from 0.005 m/s to 0.025 m/s (0.27 RPM to 2.65 RPM). The pulling force was recorded and effective friction force was calculated.
The dither control system consists of five parts: the piezoceramic stack actuator (PhysikInstrumente P-010.00), function generator (Stanford Research DS335), power amplifier (TOA A-1061), variable transformer and oscilloscope (Agilent DSO3062A). The function generator was used to generate the desired sinusoidal signal to the actuator. The type of waveform and the frequency of the signal were set on the function generator. The magnitude of the signal from the function generator was insufficient (maximum 10 V pp ) to power the actuator, so a power amplifier TOA A-1061 was used to amplify the signal up to 90 W. Because the displacement (expansion) of the actuator was directly proportional to the voltage supplied, the voltage supplied was stepped up with a variable transformer. The amplitude of the voltage supplied to the actuator was measured and displayed on the oscilloscope and the voltage control was based on the reading on the oscilloscope. Figure 2 shows the modified drum brake system with the installed piezoceramic stack actuator. The actuator was installed on the back-plate which allowed the dither control to be applied on the leading brake shoe Figure 2 . Installation of piezoceramic stack on drum brake system. since the vibration of leading brake shoe is always the main contributor to the squeal occurrence according to previous experimental data (Hamid et al., 2013) . The actuator was installed on the fixed end of the brake shoe where the direction of the actuator was tangential to the sliding point. Although installation of the actuator is easier on the piston, the expansion of the actuator is damped by the hydraulic fluid and significantly reduces the efficiency of the dither control. Relatively large power was needed to transfer the same amount of vibration to the brake shoe if the actuator was installed on the piston. The actuator was placed in the inner cap, which was made of steel casing to prevent shear and bending stress from damaging it. The design of the steel case only allowed compression stress on the actuator.
Modelling of the drum brake shoe
A mathematical model was developed from the experimental modal analysis and the response of the drum brake shoe captured while squealing. As shown in the friction-velocity profile presented in Figure 6 , the friction is sensitive to the sliding velocity; and the excitation of drum brake squeal is sensitive to the change of friction coefficient. Thus, the friction-velocity data were included in the analytical model to preserve the actual properties of the sliding characteristic. The sprag-slip and stick-slip mechanisms were excluded since the excited frequency in the experiment results was 12225 Hz, and the sprag-slip and stick-slip motion typically only contributed to low frequency noise (Liu and Pfifer, 2003) .
A two degrees of freedom mathematical model was developed as shown in Figure 3 . It was based on the modified version of Hoffmann et al. (2002) 's frictioninduced oscillation model. This model consists of single mass and two directions labelled as x (normal to the sliding surface) and y (tangential to the sliding surface). The dynamic mass of the brake shoe at the selected mode is represented as m. The model has three springs, k 1 , k 2 , k c , and three dampers, c 1 , c 2 , c c . The springs k 1 and k 2 represent the dynamic stiffness of the brake shoe, and the dampers c 1 and c 2 represent the dynamic damping coefficients. The angles 1 and 2 represent the direction of springs k 1 and k 2 from the direction of the friction force, F f. The springs k 1 and k 2 are located at a certain angle between the x-axis and the y-axis to include the relationship between the modes' response. Since the brake shoe in the assembly is constrained at both ends, the friction force input in the y-direction influences the response in the x-direction. The value of k 1 and k 2 are defined where the response of the model is matched with the mobility response of the experimental modal analysis. The contact condition between the rotating drum and the leading brake shoe is represented by the contact stiffness, k c , contact damping, c c , sliding velocity, V B , effective normal force, F N , and friction force, F f .
The mathematical model was based on the single component (leading brake shoe) modal properties, where the responses of other parts were taken as the boundary response. It was developed as a bi-axial two DOF model where the influence of friction force (tangential) and normal force (radial) were taken into account. Thus, the excitation force of the impact hammer in modal analysis was applied in both directions of friction force, F f, and normal force, F N . The values of m, k 1 , k 2 , k c , c 1 , c 2 , c c , 1 and 2 were determined from the mobility measurement data of the radial and tangential directions. The mobility elements were computed from the mobility graph; however, these values are not yet applicable to the mathematical model which included the response of both modes since the values obtained only represented the individual response of each mode. These responses are independent of each other and the response of any of them will not affect the response of the others; thus the modeinteraction properties must be included by introducing the diagonal springs into the model. The parameters in equation 15 were computed whereby the model's response was comparable to the experimental squeal result and still preserved the eigenvalues of the mode measured in modal analysis. This was done by using MATLAB coding. The model is expected to give the same FRF as measured in the radian and tangential directions as shown in experimental modal analysis.
The derivation of the equations of motion began by finding the deflections of springs as written below
For spring
The potential energy of the system is
Substituting equations (2) to (4) into equation (5) we obtain
The kinetic energy of the system is
The Rayleigh dissipation function of the system is
The Lagrange equations for the model are
By solving the Lagrange equation in equations (9) and (10), we can write the equations of motion of the model as
In tangential direction, y
Because of the contact stiffness k c , the function of the friction force, is written in the function of x as below
The direction of sliding sgnðV B À _ yÞ is included in equation (13) to allow for the occurrence of the negative velocity during low sliding speed and the possibility of unsteady sliding. The sign function (sgn) in the friction force components allows for the negative friction force (opposite direction) with respect to the relative sliding velocity between the rotating drum and the vibration.
The friction-velocity relationship is given as
The instantaneous relative velocity between sliding and shoe vibration is taken into account with the slope, , which is obtained from the gradient of the friction-velocity graph in Figure 6 .
In the matrix form, the completed equation of motion of the model is written as
The parameters are then obtained from the mobility analysis in Table 1 where the model is expected to give the same FRF in the x and y directions in the frequency range of modes 5 and 6. This is done by defining the parameters with the value which gives the same eigenvalues as the experimental mobility analysis. The response of each mode is linked together by diagonal springs k 1 and k 2 at the angles of 1 and 2 which represent two modes' response in the same direction for a single mass system as shown in Figure 3 .
The interaction between the mass and friction interface is represented by the contact stiffness, k c. All the friction force and contact (normal) force acts through the contact stiffness.
Modelling of dither in drum brake squeal
A high frequency excitation force appears to be effective in quenching self-excited vibration by dry friction (Hoffmann et al., 2005; Thomsen, 1999) . This semiactive control system can be applied without any transducer. The excitation force can be applied as a sine function and written as below
where m is the dynamic mass, a is the acceleration and ! is the frequency of the harmonic excitation. The function cos represents the applied direction of excitation force where cos 0 represents pure tangential dither and cos 90 represents pure radial dither. According to the literature, the excitation force can be applied in any direction to the system. Tangential dither has been proved to be more effective than radian dither (Michaux, 2005; Thomsen, 1999) , but because of the limitation of the assembly, tangential dither is rarely applied. Practically, radian dither is much easier to apply. For a drum brake system which has a curved sliding surface, it provides the possibility for the dither to be applied in the tangential direction. The dither excitation force is included in the mathematical model and the equation of motion of the model is rewritten as Figure 4 shows the modal response of the leading brake shoe at the point of centre of contact in both tangential and radian directions. There are 11 natural modes within the frequency range of 0 to 25.6 kHz for both directional responses. For the radian direction, the first mode occurs at 3531 Hz (z ¼ 0.17%), and is followed by 10 other modes as listed in Table 2 . Meanwhile, in the tangential direction, the first natural frequency is at 3513 Hz (z ¼ 0.17%), and it is followed by the 10 other modes listed in Table 2 . The results in Figure 5 show that each natural mode in tangential direction has an equivalent mode in radian direction with identical frequency. This observation shows that the natural modes captured in both directions are at the same frequency. In most of the modes, the accelerance is relatively higher in radian direction than that in tangential direction. This is because less force is required to accelerate in the radian direction than in the tangential direction because of the curved shape of the brake shoe where bending and torsional modes dominate the natural modes in the measured frequency range (Hamid et al., 2013) . One of the challenges of modelling drum brake vibration is the need to preserve the directional properties of the vibration, i.e. the FRF of the model in both the friction and radian directions is similar to the experimental values. This is because the excitation in the tangential direction (because of the friction force) causes vibration in the radial (normal force) direction. The mobility graph of each selected mode is shown in Figure 5 and the mobility elements of mode 5 and mode 6 are listed in Table 1 . These mobility elements represent the dynamic properties of the particular mode in the radial and tangential directions; however, the values are not used directly in the mathematical model. Figure 6 shows the graph of braking torque and corresponding friction coefficient versus sliding speed at constant brake line pressure of 0.6 MPa. The braking torque is measured for sliding speed of 0.005 m/s to 0.025 m/s. For the sliding velocity of 0.005 m/s ($0.50 RPM), the braking torque is 22.6 Nm which is the highest among the recorded braking torques for other speeds. At the sliding speed of 0.010 m/s ($0.75 RPM), the braking torque slightly reduces to 22.5 Nm. The braking torque decreases linearly from 21.4
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Nm to 15.8 Nm while the sliding speed increases from 0.015 m/s to 0.025 m/s. The finding is comparable with the literature (Ding, 2010; Leine et al., 1998) whereby the friction coefficient drops with the increase of sliding speed at low speed condition. The measured braking torque is then used to calculate the corresponding friction coefficient as shown in the vertical axis at the lefthand side and, based on the best fit line, the gradient a is calculated as 8.54 sec m -1 . If we extend the best fit line to the left, the static friction coefficient is 0.54. These data are included in the subsequent development of the analytical model. Figure 7 shows the spectra of the vibration response of the leading brake shoe during squeal for both experiment and simulation results. In the experiment, the brake line pressure was set to 0.6 MPa and the sliding speed was set to 0.025 m/s. Based on the static equilibrium, this condition is represented in the model with the normal force of 400 N and sliding speed of 0.025 m/s. According to the experimental data, the vibration peak of the leading brake shoe during squeal is at the frequency of 12225 Hz with acceleration of 221 m/s 2 . Meanwhile, the simulation result shows the peak at 12130 Hz with the magnitude of 214 m/s 2 . These excited modes represent the squeal mode of the drum brake system which is the result of the coupling between mode 5 and mode 6. The difference between the experiment and simulation data is 0.78% and 3.17% in terms of frequency and acceleration respectively. However, the experiment result has other peaks at 21600 Hz and 24425 Hz which are not included in the model since these frequencies are beyond the audible human range. The experimental measured friction coefficient using the UTM built in load cell is 0.43 and the minimum friction to excite squeal is 0.45 in the model.
The small difference in the critical friction coefficient between the simulated and measured results supports the validity of the model. Figure 8 shows the sound pressure level (SPL) of the drum brake squeal measured at a distance of 0.1 m from the drum brake during squealing. There are also three recorded peaks at 12225 Hz, 21600 Hz and 24425 Hz with sound pressure levels of 85.0 dB, 49.2 dB and 44.5 dB respectively. These peaks matched the frequency of the vibration peaks recorded in vibration spectra shown in Figure 7 . According to SAE standards, brake noise exceeding 70 dB (A) can be classified as brake squeal (SAE, 2006) .
Dither control of drum brake squeal
To avoid audible dither noise, the applied dither frequency was set at above the audible human range of 20 kHz. As the lower frequency dither is more efficient, the first mode (21.6 kHz) after the 20 kHz audible range was chosen. In the experiment, the drum was allowed to rotate at sliding speed of 0.025 m/s ($2.5 rpm) when brake line pressure was applied at 0.6 MPa. Meanwhile, the response of the system was simulated at sliding speed set to 0.025 m/s and the normal force was set to 400 N in the mathematical model. Figure 9 shows the measured and simulated acceleration response spectra of the drum brake shoe when tangential dither is applied. At the point of 50% reduction of squeal amplitude R 50% as shown in Figure 9 (a), the measured results show that the squeal amplitude has been reduced by half to 110 m/s 2 when the dither actuation level is set to 80 V rms. The results show that the squeal peak is shifted to a lower frequency of 12150 Hz. In the simulated results, the squeal mode also shifted to a lower frequency of 11978 Hz. The dither excitation peak is also noticeable at the frequency of 21600 Hz with an amplitude of 109 m/s 2 and 11 m/s 2 for measured and simulated results. The measured dither peak is relatively high compared with the simulated result since the existence of the excited peak at 21600 Hz is excluded from the model. It is interesting to note that the application of dither to the drum brake squeal caused the squeal 'mode' to be reduced in terms of its amplitude and created another new peak of smaller amplitude at the very close frequencies of 9550 Hz and 14775 Hz with amplitudes of 19 m/s 2 and 2 m/s 2 respectively. The excitation of the sidebands can also be noticed in the simulated results at the frequencies of 9613 Hz and 14343 Hz with the amplitude of 9 m/s 2 and 5 m/s 2 . These sidebands have equal frequency spacing to the squeal frequency. Sidebands are the spectral components resulting from the amplitude and frequency modulation (Gerber and Martin, 2013) . The dither forces the contact point to sweep quickly back and forth from its nominal position which causes the sliding velocity to increase and decrease repeatedly and produces the sidebands. Since the dither signal is in sinusoidal waveform, the system sliding speed increases when the dither force is in the same direction as the sliding direction, and decreases when they are in the opposite direction. The generation of these sidebands indicates that the applied dither force has decreased the energy transfer of the friction force to the system which is the source of excitation energy of the squeal mode.
At the quenching level of 75% (R 75% ) as shown in Figure 9 (b), with the voltage supplied of 100 V rms the squeal peak at 12150 Hz is further suppressed to 60 m/s 2 and has shifted to a lower frequency of 12125 Hz. Meanwhile, the amplitude of the 21600 Hz peak is further raised to 233 m/s 2 . With higher dither actuation level of 100 V rms , these sidebands of the squeal peak become smaller and shift closer to the squeal peak at 9600 Hz and 14625 Hz with the amplitude of 2 m/s 2 and 0.7 m/s 2 . In the case of the simulated results, the sidebands of the squeal peak decrease in amplitude to 7 m/s 2 and 3 m/s 2 respectively, while the dither excitation peak increases to 14 m/s 2 . The completed suppression of the brake squeal is noticed when the dither actuation level is increased to 120 V rms . At the stage of high dither actuation level, the squeal peak and its sidebands disappear altogether, as shown in Figure 9 (c). Although the peak of dither signal at 21600 Hz is raised to 258 m/s 2 , this is beyond the audible frequency range. In the case of the simulation results, the squeal peak has been fully suppressed at the dither amplitude of 60 N and the amplitude of the dither signal is raised to 30 m/s 2 . According to the results above the 21.6 kHz tangential dither is able to suppress drum brake squeal when the dither actuation level is increased to 120 V rms .
This dither actuation level is relatively low compared with the actuation level needed to suppress brake squeal if radian dither is used (Cunefare and Graf, 2002b) . For the experiment and model prediction results, the application of dither produced the sideband of the squeal peak before it fully suppressed the brake squeal. This phenomenon is caused by the dither actuation force which separates the energy concentration at the squeal peak frequency. This prediction result of the mathematical model is important in general because of the strong correlation with the actual behaviour of the effect of dither on drum brake squeal as measured experimentally. The effectiveness of dither at various speeds and braking forces can be predicted with this model. Figure 10 shows the sound pressure level (SPL) of the drum brake squeal recorded at a distance of 0.1 m from the drum brake system. Initially, the drum brake squeal is recorded at 12225 Hz with a magnitude of 85.0 dB without dither, as shown previously in Figure 8 . The SPL decreases to 78.8 dB when 80 V rms tangential dither actuation is applied at 21600 Hz, as shown in Figure 10 (a). The sidebands of the squeal peak also contribute to the sound pressure level at 9550 Hz and 14775 Hz with SPL of 57.3 dB and 38.0 dB. Further increases of the dither actuation to 100 V rms suppress the squeal peak to 65.5 dB at 12125 Hz, as shown in Figure 10 (b). At this time, the SPL at the dither frequency of 21600 Hz is noticeably higher at 86.1 dB. Again, since the dither frequency is beyond the audible range, the relatively high SPL is not of concern. When 120 V rms dither actuation is applied as shown in Figure 10 (c), both the squeal peak and its sidebands have been successfully suppressed to background level. At this condition, the SPL shows the magnitude of the excitation force itself at 86.3 dB. Thus, the dither excitation frequency must be set beyond the audible human range, although much more energy is needed. On the basis of these experimental results, the drum brake squeal is successfully suppressed by the 21.6 kHz tangential dither when the dither amplitude is set above 120 V rms.
The effect of sliding speed on the effectiveness of tangential dither
In order to apply dither control on drum brake squeal, the dither must effectively quench the brake squeal at all speeds. In this section, the effectiveness of dither for five different speeds is analysed and can be validated on the laboratory set-up drum brake system. For all values of sliding velocity, the effectiveness of dither in suppression of brake squeals increases when the dither amplitude increases to the first peak. However, the initial squeal peak at 12130 Hz switches to 10800 Hz with higher amplitude when the dither amplitude is further increased. The possibility of the increase of the squeal amplitude with the increase of dither force in certain conditions is also reported previously (Michaux, 2005) . The peak 10.8 kHz is a ½ subharmonic response of the dither signal itself which is generally contributed by the asymmetry of the stiffness matrix and non-linear properties of the system (Ehrich, 1988) . The excitation of the ½ sub-harmonic response of the dither signal significantly reduced the effectiveness of dither. The ½ sub-harmonic peak of the 21.6 kHz dither is excited at different dither amplitudes for different sliding speeds. However, continued increase in the dither amplitude can fully suppress both the squeal mode and the sub-harmonic mode of dither at the optimum value of dither amplitude. Although dither is effective in all the sliding speeds investigated, its efficiency is higher at lower speeds. This result is comparable with the observations of Michaux et al. (2007) .
4.4. Effect of braking force on the effectiveness of tangential dither Figure 12 shows the reduction in squeal amplitude at various braking forces when 21.6 kHz tangential dither is applied. For braking force of 200 N, the effectiveness of dither increases from 0 to 95% when the dither amplitude is increased from zero to 10.0 N. Further increases of dither amplitude to 12.0 N decrease the effectiveness to 73%. After this point, the dither effectiveness again increases to its maximum value of 97% when the applied dither force is 14.0 N. For braking force of 400 N, 600 N and 800 N, the trend of the curve is comparable to the results for braking force of 200 N. The effectiveness of dither reaches the first peaks at 7.5 N, 4.2 N and 3.8 N with the individual reduction of 84%, 60% and 67% for the respective braking force of 400 N, 600 N and 800 N. After the first peak of the maximum reduction, the ½ sub-harmonic excitation of the dither signal dominates the amplitude of the excited response. However, both the sub-harmonic response and the squeal mode have been suppressed at the optimum value of dither amplitude for each mode. respectively. These results prove that tangential dither can effectively suppress drum brake squeal at a range of braking forces from 200 N to 800 N.
The derivation of the model is limited by the direction of excitation during modal analysis (i.e. radial and tangential directions). In any other direction the model is not valid. Second, the model is verified at very low sliding speeds of 0.025 m/s and below. Therefore, the model should not be used at the much higher speed as found in normal cruising.
Conclusions
The results show that the mathematical model based on mobility analysis has good correlation with the experimental results. Both simulated and measured results show that the application of tangential dither is effective in suppression of drum brake squeal when the dither amplitude is sufficient. Although dither control is more efficient at low sliding speed, it is also effective at higher sliding speed. The application of dither tends to excite the sidebands of the squeal peak at low dither amplitude. The sidebands shifted closer with the increase of the dither amplitude. Both squeal peak and its sidebands are fully suppressed with high dither force, thus eliminating drum brake squeal.
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